Roch 


a 


"AMERICAN SocIETY 


RADIAL L IMPACT ON AN EL ELASTI ICALLY 


MECHANICS DIVISION 


4 ar >; Copyright 15 1952 by the American Soc Sociery oF or Civit 
Printed in the United States of America 
Headquarters of the 
W. 39th St. 


PRICE $0. 50 PER R COPY 


| || 
| 
— 
| 
4 
— 


‘GUIDEPOST FOR TECHNICAL READERS 
4 “Proceedings-Separates” of value or eeeaiiinmes to readers in various fields are here listed, 7 
for: convenience, in terms of the Society’s Technical Divisions. Where there seems to be an 1. 
_ overlapping of interest between Divisions, the same Separate number may appear under — 


< «Air ‘Transport. .. ,. .42, , 43, 48, 52, 60, 93, 94, 95, 100, 103, 104, 108, 121, 130, 
4 148 (Discussion: D-23, ‘D483, D-75, D- 108) 
58, 60, 62, 64, 93, 94, 99, 101, 104, 105, 115, 131, 138, 148, 7 
151, 152, 154 (Discussion: D-16, D-23, D-43, D-60, 
. 130, 132, 133, 136, 137, 145, 147, 148, 149, 150, 152, 153, 
ie, "154 155 (Discussion: D-3, D-8, D-17, D-23, D-36, D-40, 

D-71, D-75, D-92, D-109, D-113, D-115) 
"Engineering + 122, 124, 125, 126, 127, 128, 129, 134, 135, 136, 139, 141, 
142, 143, 144, 145, 157, 158 (Discussion: D-24, D-33, 

D-49, D-54, D-61, D-96,D-100) 
‘Highway .. aeiliailis 43, 44, 48, 58, 70, 100, 105, 108, 113, 120, 121, 130, 137, 
: 138, 144, 147, 148, 150, 152, 155 (Discussion: D- XXVIII, 
23, D-60,  D-75, D-108, D-109, D-113, D- 115) 
.107, 110, 111, 112, 113, 116, 120, 123, 130, 134, 135, 139, a 
141, 143, 146, 153, 154 (Discussion: D-70, D-71, D-76, 
D-78, D-79, D-86, D-92, D-96, D-113, D-115) 0 
.97, 98, 99, 102, 106, 109, 110, 122, 212, 134, 117, 118, 120, , 
— 129, 130, 133, 134, 135, 138, 139, 140, 141, 142, 143, 146, 
153, 154, 156 (Discussion: D- 109) 

...-120, 129, 130, 133, 134, 135, 139, 141, 142, 
148, 153, 154 (Discussion: D- 38, D-40, D-44, D- -70, 
76, D-78, D-7 9, D-86, D- 96, ‘D-109) 
Sanitary Engineering. . ; .55, 56, 87, 91, 96, 106, 111, 118, 130, 133, 134, "185, 139, 

“141, 153 (Discussion: D-29, D-37, D-56, D-60, 
| pea D-70, D-76, D-79, D-80, D-84, D-86, D-87, D-92, D-96) 
Soil Mechanics : and Foundations . 8, 44, 48, 94, 102, 103, 106, 108, 109, 115, 130, 152, 155, 


157 (Discussion: D-43, D-44, D-56, D-75, D-86, D-108, | 
29. a 


: 
119, 121, 122, 123, 124, 125, 126, 127, 128, 129, 132, 


Hydraulics 


133, 136, 137, 142, 144, 145, 146, 147, 150, 155, 157, 158 

(Discussion: D-51, D-53, D-54, D-59, D-61, D-66, D-72, 
50, 52, 55, 60, 63, 65, 5, 68, 1 121, 138, 151, 152 (Discussion: 4 
41, 44, 45, 50, 56, 57, 70, 71, 96, 107, 148: 

oe 123, 130, 135, 148, 154 (Discussion: D-8, D-9, D-19, 
D-27, D-28, D-56, D-70, D-79, D-80, D-113, 


Surveying and 


are planning papers for submission to “Proceedings-Separates”’ will expedite ‘Division and — 
Committee action measurably by first studying the ASCE ‘‘Guide for Development of ? a 
¢ - Proceedings-Separates”’ as to style, content, and format. Fora a copy of this Manual, address 
™ the Manager, — Publications, ASCE, ws W. 39th Street, New York 18, N. Y. 
The ts not for any » made or opinion expressed 
_ Pu Published at Prince and Lemon Sealine Lancaster, Pa., by the American Society 
Civil Engineers. Editorial and General Offices at 33 West Thirty-ninth Street, 
_ New York 18, N. Y. Reprints from this publication may be made on 
condition that the full title of paper, name of author, page 
reference, and date of by the Society are given. 


| 
4 | 
— 
qo 
vi 
— 
4 
eee - _ A-constant effort is made to supply technical material to Society members, over the entire _ 
range of possible interest. Insofar as your specialty may be covered inadequately in the 
— 
an 


, 1952 Separate No. 157 


RADIAL IMPACT ON AN ‘EL ELASTICALLY 
SUPPORTED I RING 


By EDWARD 'WENK, ASCE 


The: of free vibrations cireular ri 


sill: lh tangential elastic ‘support a and that j is subjected toa a radial ial impulse 7 
in the plane of the ring. | sf ‘Equations are developed for the frequencies of f rigid- 
body motion and flexural 1 vibration, and infinite series solutions are obtained for 
displacements and bending moments produced by an impulsive load analyti-— 
-eally defin ed as a half-sine wave. Inthe development of the theory, the vibra- 


. tions ar are assumed to be inextensional, and damping effects, rotatory ‘inertia, 


; varied during the test; and the strains, , radial displacements, and external loads 


were re rded. 

cor e 


ht 


observed frequencies | of vibration a hose computed by 
theory, very closely up to the seventh mo mot tion. . Also, the 


served strains and displacements were foun the computed 


values both for the time during the ple nd for the subsequent free 


is concluded that the theory is is valid within the bounds of the assumptions, 
"provided that the depth of cross section wc the 1 ring is small compared with the 


 Nore.— —Written | comments are invited for publication; last discussion should eubmitted tted by 
1 Head, Structures Div., Mech. Lab., David Taylor Model Basin, Washington, D. ©. 
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The theory was investigated experimentally by tests of a 24-in.-diameter 
ring radially supported by a large number of coil s} rings. Impulses of 
characteristic were delivered by a pendulum, anc che force of impact was ac- tmz 
-curately measured with a dynamometer especially developed for this study. 
| 


ia N otation.- —The letter symbols are defined where they first rst appear, i » int the 
--lstrations 0 or in the t text, and are arranged alphabetically for reference in 


Appendix I. 


_ Fundamental to this investigation is the differential equation for the static. 
_ bending of of a thin curved element, that was established by J. ieee 


Me E I + 562 +> u 


r+ Ar -1) 
in which | M is is a flexural couple acting about the z-axis on a cross section of 
the ring—positive : if it increases the curvature of the ring; E is the modulus ¢ of 
- elasticity; I is the moment of inertia about the z-axis of a cross section of 
the ring; r is the mean radius of the ring; u is the radial displacement, measured 
positive toward the center of the ring; and @ i is the central angle of the ring, 
measured. positive counterclockwise. The sé same differential equation was ap- 
derived independently Lamb? ‘These solutions have been 
applied to the bending analysis of a thin circular ring statically loaded in its 
_plane.t> The analysis of circular rings” with radial elastic support has been 
studied by. A. J. 8. Pippard and W. E. Francis,* who also obtained ‘experimental 
verification by static tests of wire w heels. ~ Their instrumentation was confined 
to “Marten optical extensometers for measuring | strains in the radial spokes, a 
from which measurements ‘the bending moments and radial displacements of 
= ring were inferred. Similar theoretical analyses have been developed by 
L. H. Donnell and others,’ and by M Hetényi® 
The vibrations of a circular. ring “were firet investigated by R. Hoppe,? 
» in which p; is the « circular frequency ” a vibrating ring: at a mode designated by 
an integer 7; “9g is the e acceleration ¢ due to gravity; A is the « area of a cross section 
_ of the ring; and 


2 Résistance d’un anneau 4 la flexion, quand 8a extérieure supporte une pression con- 

- tante par unité de longuer de sa fibre moyenne,” by J. Boussinesq, Comptes Rendus, Paris, France, Vol. 97, 
the Flexure and Vibrations of a Carved Bar,” by H. Lamb, Proceedings, Tendon Math. 

 4“Strength of Materials,” by 8. D. Van Nostrand, New York, N. Vol. 2, 2d ‘Ed. 

__ 6“On a Theoretical and Experimental Investigation of the Stresses in a Radially Spoked Wire Wheel 

under Loads Applied at the Rim,” by A. and W. E. Francie, 


Vol. 11, No. 69, 1931, pp. 233-285. 


“Analysis of Spoked Rings,”’ by L i. — B. Gibbons E. L of Applied 
Mechanics, Vol. 8, No. 2, 1941, pp. 67- 73. 


“Beams on Elastic F oundations,” M. I. Hetényi, a Michigan Press, Ann ‘Mich., 
_ 9Vibrationen eines Ringes in seiner Ebene,” by R. Hoppe, Journal fiir die Reine und Angewandt 
Mathematik, 
10 ‘A Treatise on the Mathematical Theory of — ” by J A. E. E. A. Lave, Dover Publications, : 4th i 
Ed., 1944, pp. 451-458. 
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fundamental equations of motion for both a complete ring and an incomplete — 


ring with a cross section that was also circular. For these solutions, the i im-_ 
portant assumption was made that the center line of the ring is free of any 
‘The flexural vibration of a circular ring, when the p possible e3 extension mofthe 
line is considered, is discussed by F. W. Waltking,” ai and by K. Feder- a 


hofer.? — librations of ring- -shaped frames out of the plane of the frame are 7 
discussed by J. H. Michell,’* by Mr. Love,” and by F. H. Brown,” and torsional © re ; 


More recently, G. F. Carr ier has | given a ‘mathematical analys sis s of vibra-_ 


As a development of the mechanics of circular rings, is in- 


effects: and that i is either rigidly o or ‘elastically supported by radial 


vestigated i in this 3 paper the dynamical behavior of a ring ng with both radial : a 
tangential elastic support, subjected to a concentrated radial force that has the © 
_ time characteristic of a half-sine wave. A frequency equation for flexural and 
-rigid-body motion is derived and, by application of procedures used by Mr. 
7 Timoshenko" and W. H. Hoppmann, II,” for the impact loading of straight . 


beams, normal mode solutions are pov for bending displacements i in 
plane of the ring. _ These s solutions developed ir in 1948 may be oe” 7 
as first-order approximations; a second-order approximation that leads to a 
buckling load for an elastically supported ring has also been coveages and is 
contained i in a Taylor Model Basin n (TMB) report. 
4 ‘The validity of the theoretical analysis | was investigated experimentally by 
tests of a circular ring with a diameter of 24 in., radially supported by iin 
eight coil springs intended to simulate pure radial elastic support. The ring 
was subjected to a radial impulse of controlled duration and intensity during 
which time the impulse and and the — strains and — were meas- 


~ 
of flexural vibration by observation of resonance. 


Several new experimental instruments and techniques were developed for 


these tests, including a a method for applying, controlling, and precisely y measur- 


ing a transient impulse. These are described i in detail 
_ The paper concludes with a comparison of theoretical and experimental re-_ 


ate for the various cases of loading. 


1l“Schwingungszahlen und Schwingungsformen von Kreisbogentragern, by F. W. Waltking, In- 
_ 12“Uber die Eigenschwingungen des senkrecht zu einer Ebene schwingenden Kreisbogens,” by K. 
_ Federhofer, Akadamie der Wissenschaften, Wien, Berlin, Germany, ab IIa, Vol. 145, 1936, pp. 29-50. a —_ 
-«:B “The Small Deformations of Curves and Surfaces with Application to the Vibration of a Helix and 
oF Rings,” by J. H. Michell, Messenger of Mathematics, Vol. 19, 1900, pp. 68-82, | ; 
«4 “Lateral Vibrations of Ring-Shaped Frames,” by F. H. Brown, , Journal, Franklin Inst., Vol. 218, : 
% “On the Vibrations of the Rotating Ring,” by G. Carrier, Quarterly of M Vol. 
8, No. 3, 1945, pp. 235- 25. 
16 “Vibration Problems in Engineering,” ’by S. D. Ven York, 
17 “Impact of a Mass on a Elastically Supported Beam,’ "by W. H. Hoppmann, II, of 
Applied Mechanics, Vol. No. 2, June 1948, pp. 125-136. 
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The subject of this investigation is a a plane circular r ring of constant and syr sym- 
metrical cross section whose dimensions are small compared | with the radius of 
the center line; one of the principal axes of the cross section is assumed to be 
situated in the plane of the ring. i Furthermore, the ring is considered to have 
uniform radial and tangential supports that are completely elastic and that 
| exercise | constraints at the centroid of the cross section of the. ring. z. Damping 
: and body f forces are neglected i in the analysis, and external forces are restricted 
to radial orientation in the plane of the 


The Differential Equation of Motion n.—Consider first an of the 
as shown in Fig. ‘- Equations of equilibrium are derived, taking into account 


internal shear force denoted by N; normal force by B; the 


tangential components of | partiale accelerations; the external loa loads, P; and the 
radial and tangential elastic supports. 


In the radial direction, the forces are ws anne: 


B= 


— 
— 
oh | 
— 
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in which k is the : modulus of elastic ‘support expressed i in units of pounds pe per _ 
inch of circumference per inch of radial displacement, u designates radial dis- 
Placement taken positive toward the center, and ¢ is the { time variable. 
In the tangential direction, theforeesare | 
_A 


OB Ayrdw,. 


in oe m is the modulus of tangential support and wis the hl displace- 

ment taken positive in the counterclockwise direction. 

inertia ii is neglected, the equation of equilibrium involving 


+Nr=0 


shenko!® to be unimportant for with vibsstional wave of at 
ten times the depth of the cross ssection. 
= ‘The tangential displacements, w, are now assumed to occur in such a form 
that | the extension of the center line is zero. T This of inextensional 
vibration wa was expressed by Mr. Love as as 


| 


oof the in curvature i in terms of displacements i is represented 


-—then, by use of Eqs. and 5, the equations of (Eqs. 3a, 3b, = 
3c) may be reduced to eliminate the terms involving M, N, and B # This gives _ 
the partial differential — os motion in terms of tangential displacements: 


differenti 


be be ob obtained radial | displacements: 


‘Intl the usual | fashion, iti is assumed that the radial displacement 


18 “Vibration Problems in Engineering,” by 8s. Timoshenko, D. Van Nostrand, ; Ine New ‘York, Y., 


2d Ed.,1987,p.387, 


4 
Terms corresponding to — 
‘5S 
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ow ith the the varis variables thus separated, the time function on represented by I r isfound 
ys substitution of Eq. 7 in Eq. 6b) to be in the simple harmonic form, - 


= pt + Dsin pt = 


stants. This condition the following 


“T\ET 


when P= =0,i is of the 


aU wu, 

in which the coefficients appearing in Eq. 9a 9a have been replaced by the ws 
y and u. The so solution of this s equation is given by Mr. Lov e!° to be ae 


— 


which n is an integer a1 and tz, and are roots 0 of the 
> 


Eq. 11 follows from the substitution of | Eq. 10i in the differential equation ial 


Equation for Free Vibration—In the usual dynamical analysis of 
ba ars, physical boundary conditions Ww ould be available from which the constants _ 
of integration of the differential equation could be determined . Inthe problem 


ofa complete ring, however, no boundary conditions exist for bending displace- 


_Inents or their functions. a Howev er, the requirement exists that the solution 
‘Thus, for a complete ring, there i is s the tecurrence condition — 


be univalued in 
that: 


ton 
This requires that the tn-terms — 


ini, 


which defines the number of wave lengths of 1 vibration that 


sin which C, D, 
{ we 
! 
| 
7 
_ By employing the exp! be solved for the 
— 
=> 
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may develop i in the circumference. The cases wherein equals zero unity” 


are the cases of rigid- body rc rotation and translation of the ring, , respectively. , 
_ Radial Displacements and Bending Moments Produced by an Harmonically 
; v arying Radial Force. —From Eqs. 8 and 10, the radial displacements may be > 


expressed as an infinite series, as noted previously; thus: -— =. 


single concentrated external force applied at 6=0 produces symmetrical 


vibrations, and consequently the odd functions sin 7, @ must not appear in the 


_ displacement function. This is accomplished by making the coefficients D, 


= 


a; 
=z 


in both of w which a a;- -values ai are ne of time me and ' are taken as the generalized 


‘The. Lagrange equation of motion may be restated as 


dt \ 3a, 


| 
| 
| 


a; 


in which @; is the external generalized fc force, measured positive toward | the 


 eenter; the dotted quantities in this and equations are are derivatives 
taken with respect to time i ‘The potential —* of the ‘system 1 is ex- 


fare 


ts A in which ds is an \ increment of the cireumference. 


‘Similarly, energy, 


- By substitution n of the series solutions ( (Eq. 1 15a), ‘the Lagr: range equation ; 


(Eq. 16) then yields: 


@ 


- 
i 
: 
— 
| 
— 
— 
= 
q | a 
— 
4 y L 
sf 
— ——_+7kr+—— ]a; = a) 


J, 


Q; 0087 Pi t+. F; pit 


in t, is a particular time at which the is ‘The co con- 
stants: of integration, H; and depend o: on initial conditions of displacement 


and velocity of the ring and are taken here to be zero. Atal ee Sie 


To study the case of steady-state forced vibration, a radial force P, aie - 


Dopey at 6 = 0, is applied with simple harmonic oscillation of frequency - 


and maximum intensity so that P= = P, sin wt. On generalised co- 


Increment of work = PAu = Aa; cost Q; Aa; (20) 


The generalized force thus becomes 


= Posinwte os 7 


q 
q 


"4 the by a = = an 
b= and integrating the integral of f Eq. 19 corresponding = 


the transient 1 ‘response, the generalized coordinates or amplitude functions 


— 


corresponding to the forced vibration are given enby 


= (w sin pi t sin 
If ni is equal to the ratio 2 of forcing frequency to the frequency corre- ; 


- sponding to any mode of response, then (by Eq. 15a) the radial displacements — ty 
ate, oven b by 


ss the equation for bending moment is found from Eq. 5 to ie : 

=P BL 1) (nisin P;t — sin w (235) 


The time variable, th, has been changed to t t for ¢ convenience in notation. . The 
significance of the subscript numeral for u and M is discussed ‘subsequently. 

_ Thus Eqs. 23 define the response of the elastically supported - ring to a , 
steady-state forced vibration. ibis frequencies of free vibration are given by 


_ Radial 1 Displacements and Bending. M oments Produced by Transient Loading. 


—Consider the response of the system to a radial impulse defined as a half-sine A 


i 
= 
) 
| 
| 
aS & 
— 
| 
[| 


wave of duration 7 and a a maximum intensity (see Fig. 2). Following 
procedure | adopted by Mr. Hoppmann” for the case of an infinite’ bar,- 
harmonic force, of identical amplitude and frequency i is superposed o on 
shown in Fig. 2. ‘The P’ force is initiated 180° out of phase with P, that is, at a 


time t equal to which is equal to w/w. 
_ The time variable for the force P’ is denoted by ¢’ and the following 


‘ellie obtain between the time coor rdinates ¢ and ve 


a 


4 
8 
~ 


in which’t; is the instant at which response is to be determined. 
| The response of ‘the ‘system to tl the force P’ may be treated byt transforming 
: the time variable, so o that an n expression is obtained for the generalized coordi- 
}<—Time Region 1— Time Regan 
Fie. 2.—DEVELOPMENT OF A Haur-Sine Puise 
ate a’; similar to that for a a; given by Eq. 22, 
i 
w sin pi (41 — — pisin w (4) — | 
‘The behavior of the after transient disturbance ceases is ob- 
* ~ tained by superposing the steady-st state forced vibration produced by P’ upon 


force By use of Eqs. 22 fand 2 and | noting that. 
cos wr =— 1 and sin « = 0, Eq. 27 


LCL + cos p; sin p; 


Ly, 
&§ 
| ty 
| 
y 
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T expressions corresponding to for radial displacement and bending 


moment, after convenient trigonometric simplification, reduce to = om. 


n: 


M2 = P.B cos 76 sin — 


, the time variable has been changed from tot for convenience in 
no 


3 The re response of the ring to a transient pulse is computed for t < 7 by Eqs. 23 
for t > by 28. symbols for displacements (u) and bending 


moments (M) for the two time e regions corresponding to t < 7 and ¢ > 7 have 
been given the subscripts 1 and 2, respectively. 


Static Loading Treated As a Limiting Case of T Transient Loading.— —Implicit 
in this dynamic analysis i is the solution for the case of static loading. Bye con- . 


sideration of the limiting case where 0 and wt— = the radial displace-— 
ments and bending moments as given by Eqs. 23 reduce to 


in which the subscript s denotes the behavior nisin static ¢ load. 
= after the disturbance e as s given by Eqs. 28 is, of course, zero. 

The Solution in Series Form —E«s. 2 23 define bending moments and radial 
displacements during forced ha harmonic vibration and during the interval of 


action of a transient half-sine pulse, and are in recognizable normal mode form. 


bon ng convergence can he prov ved by e examining tele the various fac- 

tors that appear in eacl *h series term, and by application of i the ratio test of suc- 


"ceeding terms. Convergence i is proved for the bending moments defined by 
Eq. 238, except that the presence of the (1 — 7?)- -term in the numerator of each. 


a) A similar test of Eqs. 28 (for free vibration after termination of a a transient) 
o discloses convergence, even hen 9; = 


Pow of the Series Solution with | a | Closed- Form Solution : for the Case 


| 
| 
| 
= 
| 
a -*s 
» 
very easily yield a closed-form solution with a static load concentrated at 
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= =, thus providing an opportunity to check both the eecuracy of the deriva 
ti 


on and the rate of convergence of the functions. With available closed-form 
-solutions,® and the series of solutions of Kqs. 29, computations were made of the _ 
bending m moments and r radial displacements i in a ring statically loaded at 0 = 0; 
the dimensions corr esponded to the 1 ring ‘employed in later tests. s series” 
Byes was extended through ten terms; the numerical results of both calcula- — 
tions are given in Table 1. The locations of the stations are e shown subse- 
rently in Fig. 5. 
EXPERIMENTAL ANALYSIS OF A SupporteD RING 


Because of the simplifying assumptions necessary to render feasible a math- __ 
Pg solution, a collateral experiment was performed to confirm the analy- _ 
sis. For this purpose, measurements were required of (1) the frequencies of - 


- various modes of flexural vibration, and (2) the response of the ring to a transi- 
pulse of half-sine characteristic. 


> 


ele 


ig, fo 


: 
‘TABLE 1.—CoMPARISON 0 OF ‘SERIES SoLuTIon w wiItH CLOSED-FoRM 
For Static or LLY RTED RING 


poll Ontentarion IN Mis Ince Pounps 


1. 
1 
0. 
0 
0 


) = 0, E = 29.2, y = 0.292, P = 1 at @ =0, r = 12 in., cross section 1 


and intensity of the pulse as W vell : as of the elastic support of ther ring, s, and there- 
fore it was mecessary to provide 1 means for developing a a half-sine impulse and. 
for varying its duration and intensity. PP 
‘The pulse generator used to deliver to the ring a transient pulse of control- 
7 ‘abl e intensity and duration, and the instrument for measuring the applied load 
are re briefly described i in this section; the ‘design and operation of all test appara- 


tus have been discussed in considerable detail elsewhere. 
Description of the Ring Elastic Support. —Th he ring selected for the test. 
had a diameter of 24 in. and a ‘rectangular cross section of 1 in. _ by 0. 125 in; 1s it 
- was manufactured from flat bar stock by rolling a hoop and welding the two 
_ ends together. — ‘The material was cold-rolled steel with a modulus of eile 


er 
> 
00 
= 
or 
ow: 
= 


19*tA Theoretical and Experimental Investigation of a Dynamically Loaded Ring Elastic 
- Support by E. Wenk, Jr. TMB Report No. 704, David Taylor Model Basin, Washington, D ras July, 


— 
: 
| 
il 
Se 
tes 
il 
= 
q 
— 
ly 
— 
{ ar : 
> 


test purposes, only ra radial support was was different s stiffnesses 


f of elastic s support for the ring were selected—one to ‘ome the frequency « of 


the first flexural mode of vibration of the unconstrained ring by a a multiple of : % 
} 
in, Rubber Impact Pad. 
oil Spring 
“ 
= 


Dynamometer ———Brass 
~ 


Ring By A Penpvutum 


our. The corresponding re- 


ime values of k were computed to be 6.33 lb per in. per in. and 31.6 lb p per in, & : oe 
a per in in., respectively. . After a a study « of various systems to furnish elastic al > 


| 
: 
a 


RADIAL IMPACT 


‘port, coil s springs were 8 selected , oriented radially, and spaced at 2-in. intervals — - 
around the periphery. As shown in Fig. 3, the ring was ‘positioned 


tally, and its w eight wes supported by the lateral stiffness of the springs. To 
_ provide elastic support with radial displacements i in 1 both directions, the springs 
— | All coil springs were individually calibrated to check stiffness prior to in- — 
stallation, and the values of k actually obtained were 6.80 per in. per in. 
| 31.6 Ib per in. in. ‘per in. plus or minus 5%; these values have been employed i in all 


Excitation of ‘Steady-State Forced Vibrations.—For the purpose of 


natural frequencies of flexural vibration before impact tests, a heavy-duty 


— loud speaker element, driven by an audio-oscillator, was attached to the ring 
— for excitation over a ‘continuous frequency spectrum. _ Resonance was very — 
easily detected by sounds emanating from the vibrating Ting, as well as by 
a visual observation of strain-gage signals; driving power was sufficient to excite 
‘the eighth flexural mode without difficulty, = 

7 Pulse Generator yor Applying Transient Loads. —Te deliver a radial impulse 
with a pure half-sine characteristio, frequent use has been of a small 
sphere dr copped onto the test specimen from a controlled height. Computations 
of the duration, intensity, and shape of the applied load were made by) the ap- 
‘Plication of the contract theory of H. Hertz.?°_ This indirect estimate of the 
impact , characteristic may introduce undesirable errors. 7 Furthermore, a limit. 
the validity of the contact } occurs: the ‘Specimen struck 


_ Also implicit in the Hertz theory are short p earn ti of contact compared with 
the fundamental period of ring vibration. __ Because longer durations of contact, 
and greater accuracy were desired for this’ investigation, it was necessa 


other methods of be loading the ing. rend 


be by striking the ring with a small body moving 
constant velocity. Furthermore, the critical parameters—intensity and dura- 
Bry of impact—could be independently controlled as a function of the mass — 
and the velocity of the moving impact body, and of the mass and the stiffness E 

the elastically supported ring. Approximate relationships defining the 
mechanics of impact w ere derived for use in the design of the : apparatus and - 
for control during the test. 


These were as follows: 


ers 20 “Uber die Berechnung Fester Elastichen cand " by H. Herts, J Journal fir die Reine und Angewandt ; 


— 
+ — 
| 
i 
4 
= — 
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° 
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4 
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(30a) 
; 


_ in which P, is the maximum intensity of the pulse; W, is the combined weight of 


_ the Ting ¢ and coil spring system; W, is the weight of the impact | body; v is - : 
terminal velocity of the body, at the time of impact; us is the static | 
deflection of the ring at the point of application; Lis the length of the he length of he 
hum; and d is the stroke of the pendulum. 
TABLE 2 .—CoMPARISON BETWEEN OBSERVED AND 


CHARACTERISTICS 01 or ‘TRANSIENT 


elastic foun- Weight of | Impact Stroke of (Sec) (La) 

(Ib per in. (in. per We (ib) test =| d (in.) a 


puted | served | pute | 


= 

yes 0.043 | 0047 


‘6. 0. 0.0090 
0090 


0.0021 0.016 | 0.016 
31.6 | 0.0021 yes” 0.016 | 0.023 | 41.3 | 36.7 | 


- @Tn some tests a ball 2 in. in diameter was substituted for the brass impact body to confirm the eloading a 


% relationships and to o verify inapplicability of the Hertz contact theory in this experiment. = wy 
comparison between obser ved characteristics and those computed by 
. _ 30, given in Table 2, shows agreement, within 10% for the duration value es” | 


| 
‘Strain Gage 
H Longitudinal : 
Gages 
q 
n. Di 74 
@ DIAGRAM OF STRAIN GAGES 
Fia. 4.—Tue Loap DyNAMOMETER ‘ 
 *# ‘or the tests of the ring, the impact body was designed as a pendulum come ; : 
posed of a cylindrical brass bar having a 2-in. diameter and a length sufficient 
provide the n mass required for a specified loading characteristic. The bar. 
“was as suspended on phosphor-bronze wires as shown in Fig. 3. " = 
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The Load Dysomennter- —To measure re the impact load, a cit dynamom- 


with measurements of ring response. This dynamometer w as 
_ designed as as a a short, cy ‘lindrical steel tube, 3 2 in. in diameter, fitted with electrical 
‘strain gages 01 oriented for maximum response to an axially ¢ applied load and © 
a ‘minimum response to bending and torsion, as shown in Fig. 4. 9 ‘Steel for the 
dynamometer was SAE 4340, and the housing was of aluminum. Lucite, 
aluminum, and steel were all satisfactory materials for impact heads. Com- 
plete ‘details are > available in a TMB ‘report. 19 The dynamometer \ was 


tt 10 


J 


a 


— 


brated statically, nnd its response was linear and completely free of temperature sy 

instability. Its” sensitivity, which depended on wall thickness was 2.37 
micro- -in. per r in. per lb of load, permitting the measurement of of forces as small 
as5 lb. Its natural frequency which | depended on 1 the length was was high enough 
to insure accurate detection of forces es having durations as sh short as 0.01 milli-sec. 
Type A-B wire resistance strain gages were used in the dynomometer. oe 

~ For these tests, a TMB type e 1A strain indicator” was used with the dyna- 
‘mometer because of its great sensitivity. I = It operates on a carrier frequency of 
2,200 cycles per sec and has a linear response from 0 cycles per | sec to 200 cycles 
per sec, which was ongte he for these tests, in which the duration of load always: 


Strain Indicator,” by G. W. Cook, TMB Report No. 565, David Taylor Model 
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dh to Strains and Displacements. —The ‘response 
the ring was considered definable in terms of bending moments and radial dis- 


_ placements, and instrumentation was provided for their measurement. — 
“4 The bending “moments were were ‘computed from strains ‘measured by wire-— 


as to double the output and insure temperature compensation. “Gage 
locations are shown in Fig. 5, in which the numbers indicate spring —— 
and the letters indicate strain gages. Signals from the gages were carried 

through TMB type 1A amplifier eq uipm ment which included a calibration 


Radial im: « were ‘measured with linear variable differential trans- 
"former gages. These gates were used with an auxiliary driving unit® that 
furnished 1,000- cycle alternating current to the gage and included sense dis- 


f criminating and rectifier circuits that give a direct-current output. (w ith a sense 
of direction) proportional to ) the | measured displacement. _ The gages were cali- 


brated after they | were in place by means 3 of a mechanical device with a a dial i in- 


22 ‘*The Linear’ Variable Differential Transformer,” by H. Schaevite, Proceedings, Ses. Experimental 
Stress Analysis, Vol. 4, No. 2, 1947, pp. 79-88. 
“Differential Transformer Unit Driver and — Type 10L,” TMB Electronic Instrument 
‘Instruction Manual, David vid Taylor Model Basin, Washington, ‘Dz. March, 1949. 
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: 
Ast string 1g oscillograph was used signals. from 


the various pickups. 7 A 60-cycle-per-sec signal was also recorded as a timing 
trace. Fig. 6 shows (left. to right) a cathode- ode-ray oscilloscope with external 7 


TABLE 3. —EXPERIMENTAL ERRORS, PERCENTAGES 


Gage or 
calibration 


Gage _Galvanometer anometer _ Response _ Calibration 


_ sweep generator, relay racks containing one five- -channel differential trans- 
- former r driving unit (middle of left rack) and eight strain indicators with } power 
‘supplies, and the string oscillograph (at far right). This constituted all the 
‘auxiliary equipment. Errors in measurement were estimated as shown in 


Table 3. The consistency of results. indicated that some errors were compen- 
‘gating so as collectively to be on the order of 5%. 
EXPERIMENTAL RESULTS AND COMPARISON witH THEORY 
Free Vibration —Vibration tests were conducted u using springs s of two differ-_ 
“ent stiffnesses. ‘The frequencies of vibration corresponding to the states of 


also list the frequencies as computed TABLE 4.—FREQUENCIES OF FREE_ 


from E Bee A ON AN ELASTICALLY 


seventh (that is, for i> 1) the 
agreement between the observed and © 
computed values i is excellent. Such 


a correlation with the \ use of two 
q different values of elastic s support wa was 
interpreted as reassuring evidence of 


: the validity of the theory : and also of 
4 


the s satisfactory m mechanical : arrange- 
ment o of the supported ring. g. This 
7 was one of the most important results 


of the experiment. 
Rigid-Body_ Translation and the 


ec tati t fc 
Presence of Tangential Constraint. — Eq. 18, with m = Ib per in.’ and E= 
One obvious discrepancy in fre-— 
quencies is noted in the case of rigid- 
4 body translation where 1 =1 (see Table 4 4). . An alternate calculation of rigid - ea 
~ body translation of a radially supported ring was made by : the following ele : 


mentary procedure, with the — —— all ageing were e combined as one ~ 


13) 
(Eq. 


| 


| 

| 
Measurement 
| 
| 

- 
MODULUS OF ELASTIC SUPPORT, k 
Com- | Ob- | Com- | Ob $$ 
2 = uted? | served | puted? | served — 
| 28:74 | 875 | ws 
4149 | 426 | 809 | 84.8 
Av | | 68.50} 66.0 | 1006 98.9 
4 111.3 | 138.0 | 134.7 
180.0 176.9 | 195.2. 
260.7 | 254.0 | 2718 | 2765 
356.8 358.0 | 365.5 | 36200 
Fe de 468.2 | 475.0 | 474.0 
i 
ig 
il: 
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of the constant K. 


* 


in which p's Lis s the circular frequency of rigid- body motion, and ki is s the stiffness: 4 
‘constant associated with each individual : spring that furnishes radial support. 


Strain Gage A 
16.3 intb/in, 


_Stroin Gage 


«62. 


Gage 


Strain Gage C 


Ib./in. 


inib/in. 


—boed a 
$9.63 Ib./in. : 


Strain Gage E 


inib/in. 


Strain Gage 
3.91 


12.23 inib/in. 


Timer - 60 cycle 


© 


ra 


This deriv ation of f rigid body motion takes into account the « capacity ofa — 


spring to exert tangential constraint. As shown in Table 4, the frequency of 
" ov ibration p’, as obtained with this computation is in better agr eement with the 


observ red frequency than with the value computed using Eq. 13. In this 


- plication of the theoretical analysis it was assumed that only radial elastic si sup- 


| 

= 

| 

aa | 
| 

4 

— 


port port could occur > with radial displacement, but it is believed that, during the 


test the coil s springs, s, intended only for radial support, offered 

tangential support. Thus the condition that m = 0 was not experimentally _ 
oo and the difference between computed and observed seeaeees for 


of rigid- body r motion is explained. 


Strain Gage A 


a 


4 
Te 


| 

| 
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‘Fig. oF XPERIMENTAL AND THEORETICAL REsuvuLTs, = 6.8 
The frequency corresponding to rigid-body motion w was of some significance 
‘in computing 1 radial displacements but not in computing the bending moments 
because the term i 1 does not: appear in moment equation. 


produced by dropping the pendulum o of mass mass through a 


7 — 

|. 

~ 
= 

| O01 002 003 004 005 006 007 008 
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~= stroke. | ‘Simultaneously | recorded were the indications of the load, strain at 
“seven stations, deflections at two stations, and a 60- eycle- ~per-sec timing pulse. 
“Scales _ were established for these various quantities by using the height of — i 
calibration steps recorded prior to each dynamic test. A typical oscillogram is is ; 
7 shown in ‘Fig. A corresponding to a test in which k was equal to 6.8 lb. per in. - a 
4 
: 
| 
= 
"Strain Gages A and L > | 
| 
wal 
0.02 
L "0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 le 


Fro, 


or EXPERIMENTAL AND THEORETICAL Resvirs, k= 31. 


6-in. stroke. _ Along the left margin, calibration scales are given for each gage. 
The variety in character of response at different stations is immediately ap- 
“parent. At stations near the point of application of load (stations A and L), 
the bending moments during loading ar are similar in pattern to the loading pulse, © 
_ whereas irregular undulations appear - elsewhere. | The delay in incidence of 
response at stations remote from the point of impact is also apparent. a _ 

Displacements Produced by Transient | Loading. —The computed theoretical 


responses were plotted separately in in Figs. 10 ) andjl1. (For computations s and 


al 


‘ 


> 
— 
> 4 
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to = 6. were plotted as broken lines i in Fig. 8. Experimental r re- 
sults in the form of oscillogram records were plotted a as solid lines for i 
son. This was also done for the value of k = 31. .6, as shown i in Fig.9, 

—Itis s apparent that agreement between the computed and observed behavior 


4 


intensities of response comparable, but similar patterns are found in both the 

experimental and computed curves. The extent of agreement both confirms © 

the theory and demonstrates that experimental techniques were satisfactory. si 


found both during and after the transient disturbance. Not only are the 


Restatement of Important Equations of Response — -Equations have 


rived for radial displacements and bending moments in a circular ring having 
elastic radial and tangential support and subjected to either steady-state forced — 


vibration or transient loading. — These equations are ‘in the ‘form o of infinite 
series given by Eqs. 23 for ands state forced vibration and for the period of - 
action of a half-sine pulse, and by Eqs. 28 for free vibration subsequent toa 


transient , pulse. . Solutions for the limiting case of static loading are given by 


~The freq equency ney of free v ibration, including the effects 0 of f radial and tangential 
elastic support, is given by Eq. 5 — It was found that the addition of moderate 


- elastic ¢ tangential support influences s primarily the radial displacements and the © 


frequency of rigid-body translation. 


7 Experimental Investigation —An experiment has been performed w with a ring © 


_ of 24-in. diameter having : a cross section 1 in. by 0.125 in. supported radially 
with thirty- -eight coil springs and subjected to a radial impulse having as its 


time history a half-sine pulse. ‘The i intensity : and | duration of the pulse and wail 
stiffness | of the springs were varied, the response was observed. 
84 A \ special pulse generator and a dynamometer were developed for the pur- -— 
pose of applying a an analytically described transient load to the ring, and for — 


_ Measurements” were made of the frequencies of free vibration and of the 
bending ‘moments and radial by transient loading. 


(on the basis of consistency of results) were nr the ¢ or rder of 5%. eee 


_ Agreement } Between Theory and Experiment — was as observe ed with | 


‘flexural mode. “Furthermore, the curves of displacement 
and bending n moment as functions of time agreed reasonably well with experi- 


Conclusions. — —It is therefore concluded that (1) the exper 


in this” test were satisfactory, (2) the simplifying of t the 
analysis don not. vitiate its accuracy, and (3) ‘the mathematical analysis for an 


" “elastically ‘supported r ring is s applicable toa a ring in n which the — is small 
in comparison to the diameter. me 
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APPENDIX I. NOMENCLATURE | 


‘The following letter symbols, adopted fev une use in the paper vine its discus- ; 
sions, conform pooped to American Standard Letter Symbols f for Structural, 


Standards Association ‘with ASCE and approved 


A= = area of a cross section of the ring; 
as = generalized coordinates; 

val B = normal force on a cross section of the ering; 
C,D = constants; 

| = stroke of the 
E= modulus of elasticity; 


= constants; 


has’ moment of inertia about the z- axis of a cross section of the a 
t integer ‘designating the mode of vibration; 


constant for combined springs of constant k, which simulate the sikelele. 


modulus of radial elastic foundation; 


a= stiffness constant for individual springs that tsimulaté elastic foundation; 


=length of thependulum; 
: = flexural: couple acting about the z-axis on a Cross: section of the rin 


= —positive if if it increases the curvature of the ring; — 
m= modulus of tangential elastic foundation; — ¥ 7 
N = shear in a radial direction on a cross section of a ring; ; 
= external load (force per inch of circumference)—positive toward 


maximum value of P; 


p= circular frequency of a ‘Sten ring; 
ped. circular frequency of a vibrating ring at mode i; 


99 
{ 
: 
i 
4 
7 
aa i 
a 
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4 
d th ter; 
’ weeward the center; 


RA DIAL 
| 
| of the ring; 
| 4 = circumference of the ring; 


= kinetic energy; =a) 
t t = time variable; 
= particular time at which is stated; 
U= characteristic radial displacement function; 
uv = radial displacement, measured positive to toward the center of of the ring; 


=potentialenergy; 
= terminal velocity of the body at the time of impact with the —- 7 7 


4 = combined weight of the ring and spring system; 


a, B = constants; 


constants defined by ‘da and 9 96; 


= duration of the half-sine pulse; 
o= circular frequency of the external periodic exciting force = w/t; and 


’ 


APPENDIX II. NUMERICAL EXAMPLE OF SERIES 
| SOLUTION W ITH LOADING 
evaluate the analysis, computations have been made of an example of 
the behavior of. radially supported ring ith impact loading. 
the parameters were assigned the values. of 


ring: P =1 r= 12 in. A= 0.125 in? = 8 X 10 in.4, 
: E= 29.2 Xx 10° lb } per in. 2 y= 0.322 lb per in’, k = 6.8 and 31.2 lb per in. 

per in., ,m = 0, and r=0. 032 sec and 0.23 sec 
It will be noted that the value chosen for density * vir includes a correction for 
; ‘etin ‘mass of the springs, a a part « of each of which 1 may be : expected to vibrate } 
with the ring. _ This correction was applied as follows: The density of the cold- 
rolled steel was 0.292 lb per in.’ and the weight of the ring was 2.73 lb. The 
_ springs weighed 0.45 lb, of which 0.33 lb was assumed active. Thus, the effect 


| | ive was increased sheath 11% to = 0. 322. The Di for ‘both 


By employing the values of dn duration of the actually 
a observed during experiments, the response of the 1 ring has been computed a 


the time intervals during and after the pulse. With the elastic support of 
a modulus k = 6.8, 7 was 0.032 sec, and with k= 31. 6,7 was0.023 sec. 

‘The bending moment; were re computed at positions on on the ring corresponding _ 
to four ‘stations B, D, and J, and were fe computed at stations 11 
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‘ in Table 4. A graphical demonstration of the six modes of vibration 
is presented in Fig. 10, in which the arrows indicate the point and directionof 
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and 21; also, experimental w 
- tions were shown in ‘Fig. 5. ‘The con ted response corresponding to contri- 
butions of each of the different modes up to i=7 are plottedf or two values” 
b 
: - of @ in Figs. 11 and 12; none were show nw here the amplitude was less than , 
of the maximum Because the ‘observed frequency of rigid- body -vibra- 
(0.34 


ol | 
poo, 


Unit Load 


on DD w 


.-Lb per 


oS 


oment, in In 


0.005 0.010 0. 015 0.020 0025 0.030 "0.035 0.045 


Fig. 12.—ReEsPonsE Curves, k = 31. .6 Lp per IN. PER lids thi 


tion was fot found to differ from the computed frequency as shown i 
numerical calculations of response were made i= =1,u using obse 
ues of p; as well as values. 


meen all modes and. plots of the aggregate responses are given in 
where ‘experimental an and theoretical results a1 are compared. 
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Figs. 8 and 9, 
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